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1. For the following 4 statements, please (i) use the logical equivalences p → q ≡ ¬p ∨ q and p ↔ q ≡[40]
(¬p∨q)∧(¬q∨p) to rewrite them without using the symbol→ or↔; and (ii) use the logical equivalence
p ∨ q ≡ ¬(¬p ∧ ¬q) to rewrite each statement form using only ∧ and ¬.

(a) p ∧ ¬q → r

(b) p ∨ ¬q → r ∨ q

(c) (p→ r)↔ (q → r)

(d) (p→ (q → r))↔ ((p ∧ q)→ r)

2. Use truth tables to determine whether the following 4 argument forms are valid or not. Indicate which[20]
columns represent the premises and which represent the conclusion, and include a sentence explaining
how the truth table supports your answer.

(a)
p→ q
q → p

∴ p ∨ q

(b)
p
p→ q
¬q ∨ r

∴ r

(c)
p ∨ q
p→ ¬q
p→ r

∴ r

(d)
p ∧ q → ¬r
p ∨ ¬q
¬q → p

∴ ¬r



3. A set of premises and a conclusion are given. Use the valid argument forms listed in Table 1 to deduce[20]
the conclusion from the premises, giving a reason for each step. Assume all variables are statement
variables.

(a)
a. ¬p ∨ q → r
b. s ∨ ¬q
c. ¬t
d. p→ t
e. ¬p ∧ r → ¬s
f. ∴ ¬q

(b)
a. p ∨ q
b. q → r
c. p ∧ s→ t
d. ¬r
e. ¬q → u ∧ s
f. ∴ t
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This reasoning shows that if the problem has a solution at all, then A and B must both be 
knaves. It is conceivable, however, that the problem has no solution. The problem statement 
could be inherently contradictory. If you look back at the solution, though, you can see that 
it does work out for both A and B to be knaves.  ■

Summary of Rules of Inference
Table 2.3.1 summarizes some of the most important rules of inference.

TAbLE 2.3.1 Valid Argument Forms

Modus Ponens p S q
p

[ q

Elimination a.  p ~ q
,q

[ p

b.  p ~ q
 ,p

[ q

Modus Tollens p S q
,q

[ ,p

Transitivity p S q
q S r

[ p S r

Generalization a.  p
[ p ~ q

b.     q
[ p ~ q

Proof by  
Division into Cases

p ~ q
p S r
q S r

[ rSpecialization a.     p ` q
[ p

b.     p ` q
[ q

Conjunction p
q

[ p ` q

Contradiction Rule ,p S c 

   [ p

 1. For an argument to be valid means that every 
argument of the same form whose premises  
has a  conclusion.

 2. For an argument to be invalid means that there 
is an argument of the same form whose premises 

 and whose conclusion .

 3. For an argument to be sound means that it  
is   and its premises . In this case 
we can be sure that its conclusion .

TEST YOURSELF 

Use modus ponens or modus tollens to fill in the blanks in 
the arguments of 1–5 so as to produce valid inferences.

1.   If Ï2 is rational, then Ï2 5 ayb for some 
integers a and b.
It is not true that Ï2 5 ayb for some integers a 
and b.

[ .

2.    If 120.99999 Á is less than every positive real 
number, then it equals zero.

.
[ The number 120.99999 Á equals zero.

3.  If logic is easy, then I am a monkey’s uncle.
I am not a monkey’s uncle.

[ .

4.   If this graph can be colored with three colors, 
then it can colored with four colors.
This graph cannot be colored with four colors.

[ .

5.   If they were unsure of the address, then they 
would have telephoned.

.
[ They were sure of the address.

ExERCISE SET 2.3 
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Table 1: Valid Arguments

4. The logician Raymond Smullyan describes an island containing two types of people: knights who al-[20]
ways tell the truth and knaves who always lie. Now, you are visiting the island and have the following
encounters with natives.

(a) Two natives A and B address you as follows:
A says: Both of us are knights. B says: A is a knave. What are A and B?

(b) Another two natives C and D approach you but only C speaks.
C says: Both of us are knaves. What are C and D?

(c) You then encounter natives E and F.
E says: F is a knave. F says: E is a knave. How many knaves are there?

2


