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[16] 1. Let A=1{1,3,5,7,9}, B={3,6,9}, and C = {2,4, 6, 8}. Find each of the following:

(a) AUB
(b) ANB
(c) AuC
d AncC
() A— B
() B-A
(g BUC
(h) BNC

[8] 2. Let S be the set of all strings of 0’s and 1’s of length 4, and let A and B be the following subsets of S
A = {1110,1111,1000, 1001} and B = {1100,0100,1111,0111}. Find each of the following:

(a) AUB
(b) ANB
(c) A—B
d) B—A

[20] 3. In each of the following, draw a Venn diagram for sets A, B, and C that satisfy the given conditions.

(@) ACB,CCB,ANC =0

) BCABNC =2

) ANB=0,ACC,CNB+0o

d ANB#2,BNC+2,ANC=92,A¢ B,C¢ B

[16] 4. Let A= {a,b}, B = {1,2}, C = {2, 3}. Find each of the following sets.

(a) Ax (BUCQ)
(b) (AxB)U(AxC)
(c) Ax(Bn<Q)



d (AxB)N(AxC)
[10] 5. Let Z be the set of all integers and let
Av={neZin=4k+0,k e Z}
Ai={neZin=4k+1,ke 7}
Ay={neZn=4k+2, ke Z}
As={ne€Zin=4k+3,k € Z}
Is (Ag, A1, Ag, A3) a partition of Z? Explain your answer.

[20] 6. Assume that all sets are subsets of a universal set U. Please prove each statement below.

(a) Forallsets A, B,and C,if BNC C A, then (C — A)N(B—A) =2.
(b) Forallsets A, B,C,and D,if ANC = @, then (A x B)N(C x D) = @.

(¢) For every positive integer n, if A and By, Bo, Bs, - - - are any sets, then
n n
AN (U B$> = U(AQBZ)
i=1 i=1
(d) For every positive integer n, if A and By, Bs, Bs, - - - are any sets, then

=1 i=1

[10] 7. Find a counterexample to show that the each statement is false. Assume all sets are subsets of a universal
set U.

(a) For all sets A, B, and C,
(AUB)NC =AU (BNQO).

(b) Forallsets A, B,and C,it AZ Band B Z C'then A Z C.



Solutions.
[16] 1. Let A=1{1,3,5,7,9}, B={3,6,9}, and C = {2,4, 6, 8}. Find each of the following:

(@) AUB

v

AUB={1,3,5,6,7,9}
(b) ANB

v

ANB={3,9}
(c) AuC

v

AUC =1{1,2,3,4,5,6,7,8,9}
d AnC

v

ANC =0
(e) A— B

v

A—B={1,57}
() B-A

v

B - A={6}
(g) BUC

v

BUC ={2,3,4,6,8,9}
(h) BNnC

v

BnC = {6}

[8] 2. Let S be the set of all strings of 0’s and 1’s of length 4, and let A and B be the following subsets of S
A = {1110,1111,1000, 1001} and B = {1100,0100,1111,0111}. Find each of the following:

(a) AUB

v

AU B = {1110, 1111, 1000, 1001, 1100,0100, 0111}
(b) ANB

v

AN B = {1111}



() A—B

v

A — B = {1110, 1000, 1001}
d B- A

v

B — A = {1100,0100,0111}

[20] 3. In each of the following, draw a Venn diagram for sets A, B, and C that satisfy the given conditions.
(a) ACB,CCB,ANC=9
by BCABNC=g

() ANB=92,ACC,CNB+0%
d ANB#2,BNC+2,ANC=92,A¢ B,C¢ B

v
U U U
OO (O DO
a b (case 1) b (case 2)
U U U
C ’ A @
| -
3 d b (case 3)

[16] 4. Let A= {a,b}, B = {1,2}, C = {2, 3}. Find each of the following sets.

(a) Ax(BUCQ)
v
Ax (BUC)={(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}
(b) (AxB)U(AxC(C)
v
(Ax B)U(AxC)={(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}



(c) Ax (Bn<Q)
v
Ax (BNC)={(a,2),(b,2)}
(d (AxB)Nn(Ax(C)
v
(AxB)N(AxC)={(a,2),(b,2)}

[10] 5. Let Z be the set of all integers and let
Ay={neZn=4k+0,k e Z}

Ai={neZin=4k+ 1,k € Z}
Ay={ne€eZin=4k+2,ke 7}
As={ne Zin=4k+3,ke Z}

Is (Ag, A1, Ag, A3) a partition of Z? Explain your answer.
v
Yes, (Ao, A1, Ag, A3) is a partition of Z.

By the quotient-remainder theorem, every integer n € Z can be represented in exactly one of the four
forms
n=4k or n=4k+1 or n=4k+2 or n=4k+ 3,

for some integer k. This implies that no integer can be in any two or more of the sets Ay, A1, Ag, or As.
So, Ag, A1, Ao, and A3 are mutually disjoint. The theorem also implies that every integer must be in
one of the sets Ag, Ay, Ao, or A3. So Z = Ag U A1 U Ay U As.

[20] 6. Assume that all sets are subsets of a universal set U. Please prove each statement below.

(a) Forallsets A, B,and C,if BNC C A,then (C —A)N(B—-A) =0.
v
P: Forall sets A, B, and C,

(BNCCA) - (C—A)N(B-A) =0)

Negation:
—P: There exist sets A, B, and C,

(BNC C A)A((C—A)N (B - A) £ )

Proof by Contradiction.
Suppose —P is true. Then, there exist sets A, B, and C, such that ((C' — A) N (B — A) # . That
18,

dr,z e (C—A)N(B—-A)
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=dz,(z € (C—A)A(x e (B—-A)
=dr,(zreCAhx e A)N(x € BNz € A
=dr,(x€ B)A(x € C) A (x € A9
=dx,(x € BNC)A(z € A

Because dx,z € BN C, and also BN C C A, we have x € A. However, as x € A¢, we have
(x € A) A (x € A°) = ¢ draws a contradiction. Therefore, =P is false, and P is true. That is,

For all sets A, B, and C,
(BNCCA) = (C-—A)N(B-A)=9)

(b) Forallsets A, B, C,and D,if ANC = @, then (A x B)N(C x D) = 2.
v
P: Forall sets A, B, C, and D,

(ANC=92)— (AxB)N(C x D) =9)

Negation:
—P: There exist sets A, B, C, and D,

(ANC =2) A ((Ax B)N(C x D) # o)

Proof by Contradiction.

Suppose — P is true. Then, there exist sets A, B, C, and D such that (A x B) N (C x D) # @.
That is,
3(e,y), (2,) € (A x B) N (C x D)

= 3(@,), (5,9) € (A x B) A ((2,9) € (C x D))
=3(z,y),(x € ANyeB)AN(x e C ANy € D)
=3d(z,y),(x€e ANC)A (y € BN D)

Because 3z, € ANC,wehave ANC # &. Then, (ANC # @) AN(ANC = @) = cdraws a
contradiction. Therefore, =P is false, and P is true. That is,

For all sets A, B, C, and D,
(ANC=9) = ((AxB)N(C x D) =)
(c¢) For every positive integer n, if A and By, Ba, Bs, - - - are any sets, then
AN (U Bl> = U(AQBZ)
i=1 i=1

v
We prove AN (Ui, Bi) = U;_; (AN B;) by respectively proving AN (U;—, Bi) € Ui, (ANB;)
and I, (AN B;) € An (U}, B;) as follows.
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(1) Prove AN (Ui, Bi) CU, (AN B))
If An(U;-, Bi) = @, the result is straightforward. So, we consider A N (|J;"_, B;) # @.

Because AN (U, Bi) # 2,
dx,x € AN (U BZ->
i=1

=Jz,(z€ AN (z e <OBz>)
i=1

=dr,(x € A)AN(z€B Ve € ByV---Vzx€By)
=dr,(x € ANz eB)V(r€eEANTEBy)V---V(xeANT € By)
=dr,(r€ ANB)V((re ANBy)V---V(xre ANBy,)

n
=dr,x € U(Aﬂ Bi)
i=1
(2) Prove |J" (AN B;) CAN (UL, Bi)
If U~ (AN B;) = @, the result is straightforward. So, we consider | J;_,(A N B;) # @.
Because |J_, (AN B;) # @,

dr,z € U(A N B;)
i=1

=dr,(r€ ANB)V((re ANBy)V---V(xre ANBy,)
=dr,(x € ANz eB)V(eEANTEB)V---V(xreANx € By)
=3dr,(r € A)N(x€e B Ve eByV---Vx € B,

=dz,(r € A)N(z € <CJBz>)

i=1
n
=dr,zx € AN (UBZ>
i=1
The proof is completed.

(d) For every positive integer n, if A and By, Bs, Bs, - - - are any sets, then

=1 i=1

v
We prove | ", (Ax B;) = Ax (|J;, B;) by respectively proving | J;" ; (Ax B;) C Ax (J;, Bi)
and A x (Ui, B;) € Ui~ (A x B;) as follows.



(1) Prove |J; ;(A x B;) C A x (U;—, B:)
If U, (A x B;) = @, the result is straightforward. So, we consider | ;" (A x B;) # @.
Because |J_, (A x B;) # @,

n

3(a,y), (,9) € J(A x By

i=1
= 32, ), (5,9) € (A x BU)V (#,) € (A x Ba) V-V ((,9) € (A x By)
=3d(z,y),(r€ ANyeB)V(x e ANYyEBy)V---V(x€ ANy € By)
=3d(z,y),(r€ A)N(ye BiVyeE BaV---Vy € By)

=3(z,y), (e A)AN(y € (U Bz))

i=1
EH@wJ%MGAX<UBJ
i=1
(2) Prove A x (U, Bi) C U7, (A x B;)

If A x (U;_, Bi) = @, the result is straightforward. So, we consider A x (|J;_, B;) # @.
Because A x (Ui, Bi) # &,

Iz, y), (z,y) € A x (U Bi>

i=1

=3d(z,y), (€ A)A(y € (U Bz))
i=1

=3d(z,y), (€ A)N(ye BiVy€e€ BaV---Vy € By)
=d(z,y),(r € ANyeB)V(x e ANYyEB)V---V(x€ ANy € By)

n

3(a,y), (,9) € J(A x By

i=1
The proof is completed.

[10] 7. Find a counterexample to show that the each statement is false. Assume all sets are subsets of a universal
set U.

(a) For all sets A, B, and C,
(AUB)NC =AU (BNQO).

v
Negation:
There exist sets A, B, and C,

(AUB)NC #AU(BNC).
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Counterexample: Let A = {1,2,3}, B = {1,2,4}, and C = {1, 2,5}. Then, we have
(AUB)NC =1{1,2,3,4} n{1,2,5} ={1,2}.
AU (BNC)={1,2,3}u{1,2} ={1,2,3}.

Hence, AUB)NC # AU (BNC).
(b) Forallsets A, B,and C,it AZ Band B Z C'then A Z C.
v

For all sets A, B, and C,
(AZB)AN(BZC)— (AZCO)

Negation:
There exist sets A, B, and C,

(AZB)AN(BZC)AN(ACCQO)
Counterexample: Let A = {1,2,3}, B = {1,2,4},and C = {1, 2,3,5,6}. Then, we have

AZB and BZC, but ACC.



